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Abstract

In this paper, we have reviewed the labor theory of value as the basis

for the analysis of economic inequality in the capitalist economy. Accord-

ing to the standard Marxian view, the system of labor values of individual

commodities can serve as the center of gravity for long-term price fluc-

tuations in the precapitalist economy with simple commodity-production,

where no exploitative social relation emerges, while in the modern capital-

ist economy, the labor value system is replaced by the prices of production

associated with an equal positive rate of profits as the center of gravity, in

which exploitative relation between the capitalist and the working classes

is a generic and persistent feature of economic inequality. Some of the

literature such as Morishima (1973, 1974) criticized this view by showing

that the labor values of individual commodities are no longer well-defined

if the capitalist economy has joint production.

Given these arguments, this paper firstly shows that the system of

individual labor values can be still well-defined in the capitalist economy

with joint production whenever the set of available production techniques

is all-productive. Secondly, this paper shows that it is generally impos-

sible to verify that the labor-value pricing serves as the center of gravity

for price fluctuations in precapitalist economies characterized by the full

development of simple commodity-production.
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1 Introduction

Recently, a vast literature has analyzed the persistent, and widening, inequalities

in income and wealth observed in the vast majority of nations,1 while some data

show inequality in per-capita income between the richer developed countries

and the poorer developing ones which has been expanding since 1820.2 Thus,

the issue of the long-run distributional feature of wealth and income in the

capitalist economy should be at the heart of economic analysis, as Piketty (2014)

emphasizes, and one of the central questions in economics should be to ask what

the primary mechanism to generate such disparity persistently between the rich

and the poor is.

To discuss such a mechanism in the modern capitalist economy, Karl Marx

paid special attention to a particular form of inequality related to the systematic

underpayment of labor in relation to their contribution to production, which is

known as exploitation as unequal exchange of labor (UE-exploitation, hereafter).

He then argued that an UE-exploitative relation between capitalists and workers

is generic and persistent in the capitalist economy. Though the notion of UE-

exploitation has been paid less attention in the mainstream economics, it should

have been one of the prominent concepts relevant to capitalist economic systems,

particularly in a number of debates and analyses of labor relations, especially

focusing on the weakest segments of the labor force (see, e.g., ILO, 2005a,b).

Unlike the case of UE-exploitation in the feudal society, the application

of this notion to the capitalist economy involves a fundamental difficulty, as

the division of a worker’s labor into working for him/herself and working for

a capitalist is not observable. Moreover, the market contract between buyers

and sellers of labor power is simply observed as an equal exchange of labor.

Therefore, the existence of UE-exploitation in the capitalist economy should

be measured through economic analysis. To promote such an analysis, one

of the central issues in Marxian exploitation theory is to stipulate a suitable

operational method to measure the difference between the labor expended and

the labor received by an individual via his/her income, which is to answer the

question of what a proper formal definition of UE-exploitation is. Indeed, there

have been many proposals for such a definition, like Okishio (1963), Morishima

(1974), Roemer (1982), Duménil (1980), and Foley (1982).3

Remember that Marx (1867, 1976) himself defined the notion of UE-exploitation

on the basis of the labor theory of value (LTV, hereafter), and in particular,

by means of the labor value of labor power. However, the recent literature on

analytical Marxian exploitation theory, like the above mentioned works, sug-

gests that the role of LTV in Marxian economics is quite limited. As Morishima

(1973) and Roemer (1981, 1982) emphasized, the notion of labor values is rele-

1For example, see Piketty (2014).
2For instance, see Maddison (2001).
3The recent literature of axiomatic analysis of UE-exploitation, like Yoshihara (2010, 2017)

and Veneziani and Yoshihara (2009, 2015, 2017a,b, 2018), addresses this fundamental ques-

tion. These works introduce axioms to represent some basic properties that any appropriate

definition of UE-exploitation should have, and then examine whether each of the well-known

formal definitions of UE-exploitation satisfies them.
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vant only in the formal definition of UE-exploitation, since it requires a formal

definition of the amount of labor time that the workers can ‘receive’ via their

wage revenue. This is indeed defined as the socially necessary labor time for the

production of a real wage commodity bundle, that is the only part to which LTV

is relevant. Moreover, as Steedman (1975) and Morishima (1973, 1974) argued,

the additive model of labor valuation fails in the case of economies with joint

production. Thus, in economies with joint production, it has been recognized

that the formal definition of labor value of every individual commodity is not

only unnecessary, but also generally impossible.

In this paper, we review such recognition of LTV in the literature. First,

we will show that at least for some subclass of joint production economies, the

standard claims of LTV and the basic theorems of UE-exploitation can be pre-

served. To do so, we introduce a specific notion of productiveness of production

techniques, called all-productiveness, due to Kurz and Salvadori (1995, p. 239).

Then, we model an economy with joint production, in which every available

production technique is assumed to be all-productive. In such an economy,

the labor value of every individual commodity is well-defined, thus a system of

individual labor values can be identified for each production technique. Then,

every alternative form of UE-exploitation can be represented by means of such a

labor-value system, as in the case of economies with simple Leontief techniques4.

Second, in this paper, we discuss the issue of the so-called law of value in

LTV. The law of value implies that, in the case of the modern industrial capital-

ist economy, a system of production prices associated with an equal positive rate

of profits can serve as the center of gravity for price fluctuations over the long

term. Fortunately, such a claim of the law of value can be verified, which is one

of implications from the main results in Duménil and Levy (1985) and Dana et.

al (1989). Then, with reference to the literature of the so-called Fundamental

Marxian Theorem, this consequence would also imply that the UE-exploitation

is generic and persistent in the capitalist economy. Thus, we examine in this

paper that whether a labor-value system can serve as the center of gravity for

price fluctuations in the precapitalist economy. That is, the verification of the

law of value in the precapitalist economy. By examining such an issue, while

the UE-exploitation is generic and persistent in the capitalist economy, we dis-

cuss whether it is non-generic and non-persistent in the non-capitalistic market

economies such as the simple commodity-production economy.

Before going into a more detail argument, let me briefly review the back-

ground arguments relevant to this issue. Although a typical interpretation of

the LTV is that it asserts value/price proportionality, Marx’s own view was

that in a capitalist economy the system of labor values of individual commodi-

ties regulates the fluctuating market prices. It has been recognized that this

view could be verified by showing firstly, the correlations between production

prices and labor value magnitudes at the aggregate level, and secondly, that

prices of production can serve as the center of gravity for price fluctuations over

4Note that an economy with a simple Leontief technique is often called a single product

system in the Sraffian literature, like Kurz and Salvadori (1995).
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the long term (that is, the law of value holds). In these two subjects, though the

first one is relevant to the so-called Transformation Problem,5 it is the second

issue that this paper would like to focus.

As Itoh (2021) properly pointed out, in any type of society, “the total quan-

tity of social labor time must somehow be allocated to the various kinds of

concrete productive activity. The social division of labor in general represents

not only the social organization of qualitatively different varieties of concrete

labor, but also the quantitative division of abstract labor into the necessary

branches. ... Marx makes clear that such a division of labor time into various

necessary branches does exist under any form of production, ... Thus, it appears

that abstract human labor, together with its concrete character, constitutes the

common material basis for all societies. (Itoh, 2021, p. 97))” In a capitalist

economy, such an allocation of labor time is exercised through market exchanges

under free competition.6 It implies that free exchanging activities in competitive

markets are ultimately regulated on the basis of efficient quantitative-allocation

of (abstract) social labor time among the various necessary branches, which is

what the law of value shows.7

Note that both David Ricardo (1821, 1951) and Marx recognized that the full

development of the law of value presupposes a freely competitive market econ-

omy with large-scale industrial production, in other words modern bourgeois

society.8 However, in contrast, it has been argued, since the era of Engels,9

that the law of value holds generally for the period of precapitalist societies

where the simple commodity-production is sufficiently developed. In market

economies with simple commodity-production, unlike the case of the modern in-

dustrial capitalist economy, it has been recognized that the labor-value system

serves as the center of gravity for the fluctuating market exchanges.

However, in this paper, we show that the system of labor values cannot be

verified as the center of gravity for the long term price fluctuations, in that in

any precapitalist economy with unequal private ownership of capital goods, an

5Regarding the recent literature on the Transformation Problem, Muhon and Veneziani

(2017) provide a comprehensive survey.
6Thus, in the case of capitalist economies, a system of labor values of individual com-

modities is the objectified expression of an efficient quantitative-allocation of abstract human

labor among the necessary branches, where each allocated abstract labor is objectified as the

socially necessary labor time for the production of each commodity.
7The essentially same view about the law of value is also developed by Sasaki (2021, pp.

137-141).
8 Indeed, Marx (1859, 1970) argued that: “operation of the law depends on definite histor-

ical pre-conditions. He [Ricardo] says that the determination of value by labour-time applies

to “such commodities only as can be increased in quantity by the exertion of human industry,

and on the production of which competition operates without restraint.”
9For instance, see Engels, F., “Supplement to Capital vol. III ” in Marx (1894, 1981),

where Engels argues that “Marxian law of values hold general, as far as economic laws are

valid at all, for the whole period of simple commodity-production, that is, up to the time when

the latter suffers a modification through the appearance of the capitalist form of production.

Up to that time prices gravitate towards the values fixed according to the Marxian law and

oscillate around those values, so that the more fully simple commodity-production develops,

the more the average prices over long periods uninterrupted by external violent disturbances

coincide with values within a negligible margin.” (Ibid., p. 1037)
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infinite set of equilibrium prices including the labor-value pricing equilibrium

is observed. It implies that the long-term equilibrium prices are generically

indeterminate, and so none of the long term equilibrium prices, including the

labor-value pricing equilibrium, can be verified as the center of gravity for price

fluctuations.

2 Basic Models

Assume that there are n types of physical commodities. There is a finite set, P,
of linear production techniques, or techniques, (B,A,L), where B is the n× n
nonnegative matrix of produced outputs, A is the n × n nonnegative matrix
of produced inputs, and L is the 1 × n positive vector of labor inputs. Let us
call P a production set. Let aij and Lj denote, respectively, the amounts of
physical input i and labor used in the j-th production process of the produc-
tion technique (B,A,L), while bij denotes the amount of good i produced in
production process j of the technique (B,A,L). Let x be the n × 1 vector
denoting the aggregate level of activating the various techniques. The vector

of aggregate net output by activating the technique (B,A,L) with x activity
level is y = (B −A)x. If every process produces only one good (no joint pro-
duction), then B is diagonal and activities can be normalized such that B = I,
and can be simply denoted as (A,L). Let us call such (A,L) a simple Leontief
technique.

2.1 All-Productiveness of Production Techniques

It is natural to assume that all of n types of commodities can be produced as net
outputs by means of the production set P. This property would be formulated as
follows: for any non-negative vector y ∈ Rn+, there exist a technique (B,A,L) ∈
P and a non-negative vector x ∈ Rn+ such that (B−A)x = y.10 If an economy
is associated with a simple Leontief technique, so that P = {(A,L)}, then this
producibility condition can be reduced to the standard notion of productiveness:

a technique (A,L) is productive if and only if there exists a positive vector
x ∈ Rn++ such that x > Ax. Compared to this natural producibility condition,
however, a much more stringent condition can be introduced as follows. A

technique (B,A,L) is all-productive if and only if for any semi-positive vector
y ∈ Rn+, there exists a non-negative vector x ∈ Rn+ such that (B −A)x = y
(Kruz and Salvadori,1995, p. 239). A production set is all-productive if and

only if every technique available in this set is all-productive. In the rest of the

paper, we assume that the production set P is all-productive.
To see how much stringent the all-productiveness is, let us consider the

simplest case: n = 2. Then, let

(B −A) =
∙
α β
γ δ

¸
.

10 Indeed, this condition is equivalent to the producibility of any nonnegative net outputs,

formulated as A5 in Roemer (1981, p. 36).
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As argued by Kurz and Salvadori (1995, p. 239), if (B,A,L) is all-productive,
then (B −A) is semi-positive invertible: (B −A)−1 ≥ 0. Since

(B −A)−1 = 1

αδ − βγ

∙
δ −β
−γ α

¸
,

all-productiveness of (B,A,L) implies that

(B −A)−1e1 =
1

αδ − βγ

∙
δ −β
−γ α

¸µ
1
0

¶
= 0;

and (B −A)−1e2 =
1

αδ − βγ

∙
δ −β
−γ α

¸µ
0
1

¶
= 0.

From (B−A)−1e1 = 0, it follows that δ = 0 and γ 5 0 whenever αδ− βγ > 0;
and δ 5 0 and γ = 0 whenever αδ − βγ < 0. From (B − A)−1e2 = 0, it
follows that α = 0 and β 5 0 whenever αδ − βγ > 0; and α 5 0 and β = 0
whenever αδ − βγ < 0. Without loss of generality, let us consider the case of
αδ − βγ > 0. Then, α > 0, β 5 0, γ 5 0, and δ > 0. This implies that
b11 − a11 > 0, b12 − a12 5 0, b21 − a21 5 0, and b22 − a22 > 0. Thus, the matrix
(B −A) satisfies the presumption of the Hawkins-Simon theorem, and so the
technique (B,A,L) is essentially equivalent to simple Leontief, even though
the non-diagonal elements of B could be positive. In other words, even if the

technique (B,A,L) admits joint production, it is essentially a simple Leontief
in terms of net output production, since any jointly produced commodity of any

process cannot be a positive net output by the activation of this process alone.

There are plenty of cases that a process admits joint production as a positive

net output of by-product in the class of economies with joint production. Such

a rich class of joint production cases would be excluded from the consideration

by the assumption of all-productive production set. However, such restriction

allows us to define the system of labor values of individual commodities in

economies with joint production, as will be discussed later.

3 Labor Values in Economies with All-productive

Production Sets

If (B,A,L) is all-productive, a system of labor values of individual commodities
for a technique (B,A,L) can be defined as the solution to the following system
of equations:

vB = vA+L. (3.1)

Indeed the solution to (3.1) is a positive vector v > 0 satisfying

v = L(B −A)−1. (3.2)

As the production set P is all-productive, we can find such a solution for any

system of equations defined from any technique available in P. Therefore, if a
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technique (B∗,A∗,L∗) is selected according to the cost minimization principle,
then a system of labor values associated with this cost minimizing technique is

well-defined as v∗ = L∗(B∗ −A∗)−1 > 0. Correspondingly, a formal definition
of UE-exploitation can be proposed by means of the labor-value system v∗.
Let us examine whether the labor values defined as the solution to (3.1) is

appropriate. It could be deemed appropriate if it can regulate market exchanges

of commodities in order to allocate the total quantity of social labor time effi-

ciently and appropriately to meet various social demands for commodities.11

To see it, let c > 0 be an aggregate demand vector of all commodities. Let
(B,A,L) ∈ P be an optimal technique in terms of cost minimization, and xc

be the aggregate production activities to meet the social demand in the market

economy which is defined as

xc = (B −A)−1c > 0. (3.3)
This implies that the total living labor time necessary to meet the demand c is
Lxc > 0. Then, left multiplying both sides of the equations (3.3) by L, and
then taking (3.2) into account, we reach to the following equation:

Lxc = vc. (3.4)

As in the case of the labor-value system in economies with simple Leontief

techniques, the equation (3.4) implies that the total living labor time Lxc is
appropriately allocated to meet the social demand c through market exchange
of commodities in accordance with the labor-value exchanging rates: v.
Indeed, in the right hand side of the equation (3.4), vici > 0 for each com-

modity i = 1, . . . , n represents the socially necessary labor time for the produc-
tion of this commodity to meet its social demand ci. Therefore, the equation
(3.4) implies that the total living labor time Lxc is allocated to each commodity
i’s production, and it is the social necessary labor time vici that is allocated
to each commodity i’s production in order to meet its social demand ci. Note
that the left hand side Lxc of (3.4) is the aggregation of the labor time Lix

c
i

expended in each production process i = 1, . . . , n. As well recognized, each la-
bor expenditure Lix

c
i is not necessarily identical to the socially necessary labor

time to produce ci.

11As argued in section 1, one of the essential claims of LTV is that, in any type of society,

the total living labor time must be appropriately distributed to various spheres of production

in order to meet the social needs for these products, and in the modern capitalist society, the

allocation of the total labor is mediated through free competition in market exchanges, which

results in the proportional distribution of the total labor time to the socially necessary labor

time (labor value) of each commodity corresponding to its social needs. This claim is also

explicitly represented by the following statements of Marx himself: “Every child knows, too,

that the masses of products corresponding to the different needs required different and quanti-

tatively determined masses of the total labor of society. That this necessity of the distribution

of social labor in definite proportions cannot possibly be done away with by a particular form

of social production but can only change the mode of its appearance, is self-evident. No nat-

ural laws can be done away with. What can change in historically different circumstances is

only the form in which these laws assert themselves. And the form in which this proportional

distribution of labor asserts itself, in the state of society where the interconnection of social

labor is manifested in the private exchange of the individual products of labor, is precisely

the exchange value of these products.” (Marx (1968))
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To see this last point in more detail, assume that n = 2. Then, (3.3) is
represented as follows:

xc =

µ
xc1
xc2

¶
=

Ã
b22−a22
|−| c1 +

−b12+a12
|−| c2

−b21+a21
|−| c1 +

b11−a11
|−| c2

!
> 0.

Therefore, we have:

L1x
c
1 = L1

b22 − a22
|B −A| c1+L1

−b12 + a12
|B −A| c2; L2x

c
2 = L2

−b21 + a21
|B −A| c1+L2

b11 − a11
|B −A| c2. (3.5)

In contrast, it follows from (3.2) that

v1c1 = L1
b22 − a22
|B −A| c1+L2

−b21 + a21
|B −A| c1; v2c2 = L1

−b12 + a12
|B −A| c2+L2

b11 − a11
|B −A| c2. (3.6)

By comparing (3.5) and (3.6), we can observe that to meet the social demand

c1 of commodity 1, L1
b22−a22
|−| c1 amount of living labor time is allocated from

process 1 while L2
−b21+a21
|−| c1 amount of living labor time is allocated from

process 2. Likewise, to meet the social demand c2 of commodity 2, L1
−b12+a12
|−| c2

amount of living labor time is allocated from process 1 while L2
b11−a11
|−| c2 amount

of living labor time is allocated from process 2. In other words, for the produc-
tion of commodity 1 to meet the social demand c1, L2

−b21+a21
|−| c1 portion of the

total labor time L2x
c
2 expended in process 2 needs to be allocated, and for the

production of commodity 2 to meet the social demand c2, L1
−b12+a12
|−| c2 portion

of the total labor time L1x
c
1 expended in process 1 needs to be allocated. In this

way, (3.6) represents the state that the socially necessary labor time for each

commodity’s production is appropriately identified in order to meet its social

demand, as the result of appropriate allocation of each process’s total labor ex-

penditure which is mediated by market exchange of commodities in accordance

with the labor-value pricing.

In this way, the equation (3.4) represents the crucial condition that a proper

formal definition of labor values should satisfy, and our proposal (3.1)-(3.2) is

shown to pass this test. Thus, the well-known criticism against LTV developed

by the Steedman-Morishima controversy is no longer applied to the class of

all-productive joint production economies.

One remark is given for the above argument. It is true that all-productiveness

of joint production techniques is mathematically quite stringent. However, this

condition could be still reasonable from a view of economics. For instance, sup-

pose that the joint production comes only from the existence of a non-negative

square matrix Φ of fixed-capital input coefficients, which is depreciated with

a fixed ratio in each production period. This implies that Φ appears at the

beginning of one production period, while another non-negative square ma-

trix Φ0 (with Φ0 ≤ Φ) of fixed-capital input coefficients appears at the end
of this period. Here, Φ− Φ0 corresponds to a standard depreciation matrix
of fixed-capital goods. Let C be the standard nonnegative square matrix of
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circulating-capital input coefficients which is productive, and define B ≡ I+Φ0
and A ≡ C + Φ. Then, such a technique (B,A,L) satisfies the presumption
of the Hawkins-Simon theorem whenever the diagonal elements of B −A are

positive, which implies that it could be all-productive.

3.1 Remarks on Alternative LTV initiated by TSSI

By the way, there is some recent literature to propose an alternative formal

definition of labor values, like Temporal Single System Interpretation (TSSI,

hereafter) (Kliman and McGlone (1999)), which denies the value equations (3.1).

According to TSSI, given that the technique (B,A,L) ∈ P is used in period t,
the labor values are determined at the end of period t by:

εtvtB = pt−1A+ εtL (3.7)

where pt−1 = 0 is the vector of market prices prevailed at the end of period
t− 1, and is assumed to be historically given at the end of period t. Moreover,
εt > 0 is the monetary expression of labor time (MELT) at period t, which is to
transform the unit of time to the unit of money. Therefore, the labor values are

determined temporarily at each period, depending on the given market prices of

the previous period, and so they may vary across different periods, even though

no technical change from the present technique (B,A,L) takes place.
In this short subsection, just one fundamental criticism is raised against the

TSSI definition of labor values. That is, the TSSI system (3.7) of labor values

cannot properly represent a profile of each commodity’s socially necessary labor

time as the allocation of the total living labor expenditure through competitive

market exchanges of commodities, whenever such market exchanges are medi-

ated in accordance with the TSSI labor-value pricing. This difficulty should

not be regarded as the failure of competitive market exchanges, but rather be

attributed to improperness of the TSSI system (3.7) of labor values, because it

cannot meet the fundamental condition (3.4).

To see the last point, again let c > 0 be an aggregate demand vector of all
commodities, (B,A,L) ∈ P be an optimal technique in terms of cost minimiza-
tion, and xc be the aggregate production activities derived as the solution to
(3.3). Then, from (3.7) it follows that

εtvt (B −A) =
¡
pt−1 − εtvt

¢
A+ εtL

⇔ εtvt =
¡
pt−1 − εtvt

¢
A (B −A)−1 + εtL (B −A)−1

⇔ vt =

µ
pt−1
εt
− vt

¶
A (B −A)−1 + v

where v is the labor-value system defined by (3.2), whereas vt is theTSSI labor-

value system given by (3.7). As
t−1
εt

6= vt,
³
t−1
εt
− vt

´
A (B −A)−1 6= 0 holds.
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Therefore, it follows from (3.4) that

vtc =

µ
pt−1
εt
− vt

¶
A (B −A)−1 c+vc =

µ
pt−1
εt
− vt

¶
A (B −A)−1 c+Lxc,

and thus

vtc 6= Lxc ⇔ pt−1
εt

6= vt.

In general,
t−1
εt

6= vt holds, so that we conclude vtc 6= Lxc. Thus, the market
exchange rate determined by the TSSI labor-value system cannot appropri-

ately stipulate a profile of each commodity’s socially necessary labor time as an

allocation of the total living labor to meet each commodity’s social demand.

In this sense, the TSSI definition (3.7) of labor values is conceptually flaw.

4 On the (in)validity of the law of value in the

precapitalist economy

4.1 Definition of the precapitalist economy with simple

commodity-production

As argued in section 1 of this paper, it seems to be a common view within

the Marxian camp that the labor-value system serves as the center of gravity

for price fluctuations in the case of precapitalist economies, where the simple

commodity-production is supposed to be sufficiently developed.12 However, how

should we characterize the basic features of the precapitalist economies with

simple commodity-production, setting aside the more fundamental question of

whether the simple commodity-production economy had ever historically existed.

In this respect, again we may refer to Marx (1894, 1981), where he asked

what would happen if all commodities in the various spheres of production were

sold at their labor values. In this context, he supposed that “the workers are

themselves in possession of their respective means of production and exchange

their commodities with one another.”(Marx (1894, 1981, p. 276)) In this set-

ting, Marx admitted unequal private ownership of capital goods among private

producers by arguing that “If worker I has higher outlays, these are replaced

by the greater portion of value of his commodities that replaces this ‘constant’

part, and he therefore again has a greater part of his product’s total value to

12 Indeed, when Marx (1867, 1976, p. 168) argued that “The production of commodities

must be fully developed before the scientific conviction emerges, from experience itself, that

all the different kinds of private labor (which are carried on independently of each other, and

yet, as spontaneously developed branches of the social division of labor, are in a situation

of all-round dependence on each other) are continually being reduced to the quantitative

proportions in which society requires them. The reason for this reduction is that in the midst

of the accidental and ever-fluctuating exchange relations between the products, the labor time

socially necessary to produce them asserts itself as a regulative law of nature”, it was under

the supposition of fully developed commodity-production economy with the abstraction of

capitalistic production.
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transform back into the material elements of this constant part, while II, if he

receives less for this, has also that much less to transform back.” (Ibid., p. 277)

Under such a setting, Marx (1894, 1981) discussed the exchange of com-

modities at their labor values, and observed that “since I and II each receive

the value of the product of one working day, they therefore receive equal values,

after deducting the value of the ‘constant’ elements advanced” (Ibid., p. 277)

and thus, “Profit rates would also be very different for I and II” (Ibid., p. 277)

because of the different volumes of constant capital between them. However,

“the difference in the profit rate would be a matter of indifference, ... just as in

international trade the differences in profit rates between different nations are

completely immaterial as far as the exchange of their commodities is concerned.”

(Ibid., p. 277)

Given these observations, Marx (1894, 1981) concluded that “The exchange

of commodities at their values, or at approximately these values, thus corre-

sponds to a much lower stage of development than the exchange at prices of

production, for which a definite degree of capitalist development is needed.”

(Ibid., p. 277) Moreover, by arguing that “it is also quite apposite to view the

values of commodities not only as theoretically prior to the prices of production,

but also as historically prior to them” (Ibid., p. 277) Marx characterized the

basic elements of precapitalist economies by (1) the “conditions in which the

means of production belong to the worker” like “peasant proprietors and hand-

icraftsmen who work for themselves”, and (2) the features that “the means of

production involved in each-branch of production can be transferred from one

sphere to another only with difficulty, and the different spheres of production

therefore relate to one another, within certain limits, like foreign countries or

communistic communities.” (Ibid., p. 277) These two basic properties imply

that no labor nor capital is freely exchanged in markets. He also presumed the

competitiveness of commodity markets by the three conditions specified in Marx

(1894, 1981, pp. 278-279).13 In this way, Marx argued that, under precapitalist

economies characterized by the competitive commodity markets and the basic

properties (1) and (2), the law of value governs prices and their movements by

taking the system of labor values as the center of gravity.

Taking the above arguments into consideration, in the next subsection, we

provide, as a thought experiment, a simple model of precapitalist economy,14

in which unequal private ownership of capital goods among private producers;

no labor market nor credit market is observed while commodity markets are

13 “If the prices at which commodities exchange for one another are to correspond ap-

proximately to their values, nothing more is needed than (1) that the exchange of different

commodities ceases to be purely accidental or merely occasional; (2) that, in so far as we are

dealing with the direct exchange of commodities, these commodities are produced on both

sides in relative quantities that approximately correspond to mutual need, something that

is learned from the reciprocal experience of trading and which therefore arises precisely as

a result of continuing exchange; and (3) that, as far as selling is concerned, no natural or

artificial monopolies enable one of the contracting parties to sell above value, or force them

to sell cheap, below value.” (Ibid., pp. 278-279)
14 Such a model has been discussed by Roemer (1982, Chapter 1) and Yoshihara and Kaneko

(2016).
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perfectly competitive; all agents have a common leisure preference in that they

are primarily concerned with enjoyment of free hours (or leisure time), given

that a common subsistence consumption bundle, necessary for their survival,

is ensured. Note that leisure preference was ubiquitous in the pre-industrial

society before the new time-discipline was imposed by the eighteenth century

(see Thompson (1967), Cunningham (1980, 2014), and Kawakita (2010)).

With such a simple model, we examine whether the labor-value pricing equi-

librium is established as the center of gravity for price fluctuations.

4.2 A simple model of precapitalist economy with a simple

Leontief technique

Consider an economy with a simple Leontief technique,15 so that assume P =
{(A,L)}. Moreover, let A be productive and indecomposable. Let N ≡ {N,S}
be the set of individuals, and the number of the types of commodities be n = 2.
Let b ∈ R2++ be the subsistence consumption bundle, which every individual

must consume for his survival in one period of production, regardless of whether

supplying labor or not. For the sake of simplicity, the maximal amount of labor

supply by every agent is equal to unity and there is no difference in labor skills

among agents. Let ω ∈ R2++ be the social endowments of material capital

goods at the beginning of the initial period of production. For the sake of

simplicity, assume ω ≡ A [I −A]−1 (2b). Every individual has the common
consumption space C ≡ ©c ∈ R2+ | c = bª× [0, 1] with a generic element (c, l),
where c ∈ ©c ∈ R2+ | c = bª represents a consumption bundle and l ∈ [0, 1]
represents an amount of labor expended. Moreover, every individual has the

common leisure preference which is represented by a utility function u : C → R
defined as: for each (c, l) ∈ C,

u (c, l) = 1− l.

That is, every individual does not concern about the increase of consumption

goods beyond the subsistence level b, but mainly concerns about the increase
of free hours (leisure time), once the consumption of the subsistence bundle b
is ensured.

An economy with a simple Leontief technique is specified by a profile hN , (A,L, b) ,ωi,
which we may call a precapitalist economy. Denote each individual’s capital en-

dowments at period t by ωNt =
¡
ωN1t,ω

N
2t

¢
> (0, 0) and ωSt =

¡
ωS1t,ω

S
2t

¢
> (0, 0).

Needless to say, assume that ωNt + ωSt = ω holds.
We explicitly take the time structure of production. Hence, the capital

goods available at the present period of production cannot exceed the amount

15The following economic model is a simpler version of the model in Yoshihara and Kaneko

(2016), though their interpretations are different. We will interpret the following model as a

representation of the simple commodity production economy discussed in Marx (1894, 1981,

pp. 275-279), while Yoshihara and Kaneko (2016) regard it as a model of pre-industrial world

economy with no international labor nor credit market. Among the main theorems presented

below, Theorems 1 and 3 are taken from Yoshihara and Kaneko (2016), but Theorems 2 and

4 are the new results in this paper.
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of capital goods accumulated until the end of the preceding period of production.

Moreover, the time structure of production is given as follows:

(1) Given market prices pt−1 = (p1t−1, p2t−1) ≥ (0, 0) at the beginning of
the period t, each agent ν = N,S purchases, under the constraint of wealth
endowment pt−1ων

t , the capital goods Ax
ν
t as inputs for the production at the

present period, and the commodities δνt to sell, for a speculative purpose, at the
end of the present period;

(2) Each agent is engaged in the production activity of period t by inputting
labor Lxνt and the purchased capital goods Ax

ν
t ;

(3) The production activity is completed and xνt is produced as an output at
the end of this period. Then, in goods markets with market prices pt ≥ (0, 0),
each agent earns the revenue ptx

ν
t + ptδ

ν
t derived from the output xνt and the

speculative commodity bundle δνt , with which he purchases the bundle b for
the consumption at the end of this period and the capital stock ων

t+1 for the

production of the next period. Therefore, the wealth endowment carried over

to the next period t+ 1 is ptω
ν
t+1.

Given a price system
©
pt−1,pt

ª
prevailed at the beginning of period t, each

agent ν (= N,S) solves the following optimization program (MP ν
t ):

min
xνt ,δ

ν
t

lνt

s.t. ptx
ν
t + ptδ

ν
t = ptb+ ptων

t+1;

lνt = Lx
ν
t 5 1;

pt−1δ
ν
t + pt−1Ax

ν
t 5 pt−1ων

t , where δ
ν
t ∈ R2+ ;

ptω
ν
t+1 = pt−1ων

t .

Denote the set of solutions for the optimization program of each agent ν at
period t by Oν

t

¡©
pt−1,pt

ª¢
.

For the sake of simplicity, let us focus on the case of stationary equilib-

rium prices (that is, pt = pt−1 = p∗). In this case, for any optimal solution
(x∗νt , δ

∗ν
t ) ∈ Oν

t (p
∗), it follows that δ∗νt = 0 and p∗x∗νt − p∗Ax∗νt = p∗b.

Now, an equilibrium solution is ready to introduce.

Definition 1: For a precapitalist economy
N , (A,L, b) , ¡ωNt ,ωSt ¢® at period

t, where ωNt + ωSt = ω, a reproducible solution (RS) at this period is a profile
of a price system p∗ and production activities (x∗νt )ν∈N satisfying the following

conditions:

(i) (x∗νt ,0) ∈ Oν
t (p

∗) (∀ν ∈ N ); (each agent’s individual optimization)
(ii) 2b 5 [I −A] ¡x∗Nt + x∗St

¢
; (the demand-supply matching at the end of

period t)
(iii) A

¡
x∗Nt + x∗St

¢
5 ωNt + ωSt . (social feasibility of production at the begin-

ning of period t)
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In addition to the above definition, let us focus on the following subset of RS: A

reproducible solution is imperfectly specialized if and only if x∗νt > 0 holds for
each ν ∈ N .
By the property of imperfect specialization RS, it follows that p∗ ∈ R2++

and [I −A] ¡x∗Nt + x∗St
¢
= 2b. The latter equation implies

¡
x∗Nt + x∗St

¢
=

[I −A]−1 (2b), therefore, A ¡x∗Nt + x∗St
¢
= A [I −A]−1 (2b) = ω = ωNt + ωSt

holds.

Let ei be the i-th unit vector (only the i-th component is unity, and any other
is zero). Though there is no labor market in this economy, each agent ν ∈ N
should have his own personal view about the reward for his labor expenditure.

That is, each agent ν ∈ N should have a specific real number wνt = 0, which
represents ν’s view that if the reward for the production in process i by supplying
one unit of labor is less than wνt , ν would not like to engage in such production
activity. Formally speaking, pi−eiLi

represents the reward per unit of labor

for the production activity in process i. Therefore, ν would not like to work in
process i if pi−eiLi

< wνt . Moreover, ν would recognize that the production in

process i is profitable if pi−eiLi
= wν

t , where the latter inequality is equivalent

to
pi−ei−wνt Li

ei
= 0. In this case, ν would also recognize that the production

in process i is more profitable than the production in process j if and only

if
pi−ei−wνt Li

ei
>

pj−ej−wνt Lj
ej

. If so, then ν would like to be perfectly

specialized in process i.
Given these arguments, we may say that, under the imperfectly specialized

RS, where x∗νt > 0 holds for every ν ∈ N , there exists a suitable profile of
personal views of labor rewards and return rates, (wν∗t , rν∗t )ν∈N , such that every
agent is willing to work in both process 1 and process 2, in that pi−ei

Li
= wνt

holds for every process i = 1, 2 and every agent ν ∈ N . Moreover, for every
agent, both production processes are equally profitable: that is, for every ν ∈ N ,
rνt =

pi−ei−wνt Li
ei

holds for every process i = 1, 2.

In summary, under the imperfectly specialized RS

p∗; (x∗νt )ν∈N

®
, every

agent ν ∈ N has a profile of his personal view of labor reward and return rate,

(wν∗t , rν∗t ), such that

p∗ = (1 + rν∗t )p
∗A+ wν∗t L (4.1)

holds.

It is well-known that, in the so-called neoclassical Heckscher-Ohlin model

of international trade, the factor price equalization theorem and the Heckscher-

Ohlin theorem hold. Even in the model of precapitalist economy presented

herein, where neither labor nor credit market exists, we can verify the following

two theorems:

Theorem 1 (Factor price equalization): For any precapitalist economyN , (A,L, b) , ¡ωNt ,ωSt ¢® with ωNt +ωSt = ω, let

p∗; (wν∗t , rν∗t )ν∈N , (x

∗ν
t )ν∈N

®
be an imperfect specialization RS at period t. Then, if ∗e1

L1
6= ∗e2

L2
, then¡

wN∗t , rN∗t
¢
=
¡
wS∗t , r

S∗
t

¢
holds.
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Proof. It follows from Yoshihara and Kaneko (2016; Theorem 1).

Theorem 2 (Quasi-Heckscher-Ohlin theorem): For any precapitalist econ-

omy
N , (A,L, b) , ¡ωNt ,ωSt ¢® with ωNt +ωSt = ω, let


p∗; (w∗t , r∗t ) , (x∗νt )ν∈N

®
be an imperfect specialization RS at period t with ∗e1

L1
> ∗e2

L2
. Then, if

p∗ωNt > p∗tωSt , the wealthier agent, N , sells the more capital-intensive good,
good 1, and purchases the more labor-intensive good, good 2. Correspondingly,
the poorer agent, S, sells the more labor-intensive good 2 and purchases the
more capital-intensive good 1.

Given an RS

p∗; (wν∗t , rν∗t )ν∈N , (x

∗ν
t )ν∈N

®
for an economy hN , (A,L, b) ,ωi,

the supply of labor hours to earn the revenue p∗b for its own survival is Lx∗νt for

each agent ν = N,S, while the amount of socially necessary labor for producing
b as a net output is given by

1

2
L
¡
x∗Nt + x∗St

¢
= vb = L [I −A]−1 b.

Then, the notion of UE-exploitation under precapitalist economies is formally

defined as follows:

Definition 2 [Yoshihara and Kaneko (2016)]: For a precapitalist economy

hN , (A,L, b) ,ωi, let p∗; (wν∗
t , r

ν∗
t )ν∈N , (x

∗ν
t )ν∈N

®
be an RS at period t. Then:

ν is an exploiting agent⇐⇒ Lx∗νt < vb;

ν is an exploited agent⇐⇒ Lx∗νt > vb.

Under the presumption of Definition 2, the following theorem indicates that

if the quasi-Hecksher-Ohlin type of social division of labor is generated in the

market-exchange relation, it is characterized as an exploitative relation:

Theorem 3 (The generation of exploitative relations in precapital-

ist economies): For any precapitalist economy
N , (A,L, b) , ¡ωNt ,ωSt ¢® with

ωNt + ωSt = ω, let

p∗; (w∗t , r∗t ) , (x∗νt )ν∈N

®
be an imperfect specialization RS

at period t with ∗e1
L1

> ∗e2
L2

. Then, if r∗t > 0 and p∗tωNt > p∗ωSt , then the
wealthier agent, N , is exploiting, and the poorer agent, S, is exploited, in terms
of Definition 2. Conversely, if r∗t = 0 or p

∗ωNt = p∗ωSt holds, then there is no
exploitative relation.

Proof. It follows from Yoshihara and Kaneko (2016; Corollary 1).

In the above Theorem 3, the inequality Lx∗Nt < vb < Lx∗St to represent

unequal exchange of labor definitely implies the generation of exploitative rela-

tion. In an RS for a precapitalist economy, both of N and S earn the minimal
income to purchase the subsistence bundle b. However, there is a difference
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between the two agents in terms of their labor supply, and agent N can enjoy

more hours as freedom from the necessary labor for survival than agent S.
Given that p∗tω

N
t > p

∗ωSt , Theorem 3 implies that an RS is UE-exploitative
if and only if r∗t > 0. It is well-know that the equilibrium prices p∗ are labor-
value pricing if and only if r∗t = 0. Therefore, the existence of UE-exploitation
in this precapitalist economy implies that the labor-value pricing could not be

the unique equilibrium prices, and so it would not necessarily serve as the center

of gravity for price fluctuations in the long term.

The last view is indeed verified by the following theorem:

Theorem 4 (The existence of the continuum of RSs): Consider a pre-

capitalist economy hN , (A,L, b) ,ωi, such that the Leontief technique (A,L, b)
is sufficiently productive: vb < 1 holds. Moreover, for the unique Frobenius
row vector q > 0 of A, let L and q be linearly independent. Then, there exists
a unique positive profit rate r > 0 such that L [I − (1 + r)A]−1 b = 1 holds.
Moreover, let us define a subset of the profit-wage curve as:

Gr ≡
(
(r,w) ∈ [0, r]×

∙
1,
1

vb

¸
| w = w (r) ≡ 1

L [I − (1 + r)A]−1 b for any r ∈ [0, r]
)
.

Then, there exists θS ∈ ¡0, 12¢ such that for ¡ωNt ,ωSt ¢ ≡ ³³
1− θS

´
ω, θSω

´
and for any (r, w (r)) ∈ Gr, the corresponding price vector p (r) > 0 is given by

p (r) ≡ w (r)L [I − (1 + r)A]−1 ,

and (p (r) , w (r) , r) associated with a suitable profile of each agent’s activities¡
xN (r) ,xS (r)

¢
constitutes an imperfect specialization RS at period t.

Proof. First of all, given that L and q being linearly independent, it can be en-
sured from Yoshihara and Kaneko (2016) that for any r ∈ [0, R), where 1

1+R > 0

is the Frobenius eigenvalue of A, and for any pr ≡ L [I − (1 + r)A]−1 > 0, the
vectors pr [I −A] and prA are linear independent. Then, since [I − (1 + r)A]−1
is continuous and strongly increasing with respect to r and every component of
[I − (1 + r)A]−1 is divergent to infinity as r → R, we have limr→RL [I − (1 + r)A]−1 b =
∞. Then, it follows from L [I −A]−1 b = vb < 1 and the continuous and

strong increasingness of L [I − (1 + r)A]−1 b with respect to r that there exists
r > 0 such that r < R and L [I − (1 + r)A]−1 b = 1 holds. Let the simplex
of commodity prices be given by 4 ≡ ©p ∈ R2+ | pb = 1ª. Then, the wage rate
w (r) = 1

[−(1+r)]−1 = 1 holds, so that any propertyless worker must sup-

ply one unit of labor to purchase the subsistence consumption vector whenever

(p (r) , w (r) , r) prevails. This implies that for any r > r with r < R, w (r) < 1
holds, so that any propertyless worker cannot survive. Therefore, let us define

the available class of profit rates as [0, r]. Then, correspondingly, the class of
available wage rates is given by

£
1, 1

¤
, where w (r) = 1 and w (0) = 1

 .
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DefineGr ≡
n
(r, w) ∈ [0, r]× £1, 1¤ | w = w (r) ≡ 1

[−(1+r)]−1 for any r ∈ [0, r]
o
,

and p (r) ≡ w (r)L [I − (1 + r)A]−1. Then, consider the following problem:
given any (r, w (r)) ∈ Gr,
min θ s.t. p (r) (I −A)x = p (r) b & p (r)Ax = θp (r)ω & Lx 5 1 for some x > 0.

Note that for x ≡ [I −A]−1 b > 0, it follows that p (r) (I −A)x = p (r) b,
p (r)Ax = 1

2p (r)ω, and Lx
 < 1. At a fixed (r, w (r)) ∈ Gr, decreasing θ con-

tinuously from θ = 1
2 leads x (θ; r) > 0, which satisfies p (r) (I −A)x (θ; r) =

p (r) b and p (r)Ax (θ; r) = θp (r)ω, to increase Lx (θ; r) continuously. There-
fore, the above problem is well-defined, and the solution θ (r) > 0 should exist
as θ (r) < 1

2 whenever p (r) (I −A) and p (r)A are linear independent, where

the latter claim holds as confirmed above.

Next, consider

max
r∈[0,r]

θ (r)

and it has a unique solution, say θ∗, as θ (r) is continuous over [0, r]. Note that
θ∗ < 1

2 , as θ (r) <
1
2 for any given (r, w (r)) ∈ Gr. As argued above, at any

fixed (r, w (r)) ∈ Gr, decreasing the value θ from θ = θ∗ implies increasing the
value Lx (θ; r) from Lx (θ∗; r) < 1 by keeping Lx (θ; r) < 1, which implies that
for any (r, w (r)) ∈ Gr, θ (r) 5 θ∗ and Lx (θ∗; r) 5 Lx (θ (r; r)) < 1.
Now, let θS ≡ θ∗ and define

¡
ωNt ,ω

S
t

¢ ≡ ((1− θ∗)ω, θ∗ω). As θ∗ < 1
2 ,

we have ωNt > ωSt . Then, for each (r, w (r)) ∈ Gr, let xS (r) ≡ x (θ∗; r) > 0,

and xN (r) ≡ [I −A]−1Nb− xS (r) > 0. As p (r) (I −A)xS (r) = p (r) b and
p (r)AxS (r) = p (r)ωSt hold for ω

S
t = θ∗ω, we have p (r) (I −A)xN (r) =

p (r) b and p (r)AxN (r) = p (r)ωNt hold for ωNt = (1− θ∗)ω. Moreover,

LxS (r) > LxN (r) > 0 holds for any (r, w (r)) ∈ Gr, which implies LxN (r) < 1
for any (r, w (r)) ∈ Gr.
Finally, by construction of xN (r), we haveLxS (r)+LxN (r) = vb,AxS (r)+

AxN (r) = ω, and [I −A]xS (r)+[I −A]xN (r) = Nb for any (r, w (r)) ∈ Gr.
As xν (r) is an optimal solution for MP ν

t at the price system (p (r) , w (r) , r)
for each ν = N,S, we have xν (r) ∈ Oν

t (p (r)) for each ν = N,S.
Thus, in summary, for each (r, w (r)) ∈ Gr, a price system (p (r) , w (r) , r)

associated with
¡
xN (r) ,xS (r)

¢
constitutes an imperfect specialization RS for

the economy
N , (A,L, b) , ¡ωNt ,ωSt ¢® at period t.

Note that in Theorem 4, an imperfect specialization RS (p (r) , w (r) , r) is
continuous at every r ∈ [0, r], and so we can specify a continuum set of imperfect
specialization RSs as follows:(
(p (r) , w (r) , r) | r ∈ [0, r] , w (r) = 1

L [I − (1 + r)A]−1 b and p (r) = w (r)L [I − (1 + r)A]
−1
)
,

which constitutes an one-dimensional equilibrium manifold. This equilibrium

manifold also contains the labor-value pricing equilibrium (p (0) , w (0) , 0) where

w (0) = 1
 and

(0)
w(0) = v.
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From Theorem 4, we can see that for any precapitalist economy hN , (A,L, b) ,ωi,
a continuum set of imperfect specialization RSs exists under some unequal ini-

tial distribution of capital goods ω. This continuum set contains the labor-value
pricing equilibrium, but there are infinitely many RSs with positive profit rates.

By Theorem 3, such RSs are UE-exploitative.

In conclusion, unlike the standard Marxian view, it is impossible to verify

that in a precapitalist economy with simple commodity-production, the labor-

value pricing equilibrium serves as the center of gravity for the long terms price

fluctuations. This is because, by Theorem 4, there are infinitely many candidates

of equilibrium prices which could serve as the center of gravity, and no intrinsic

mechanism in the precapitalist economy is found to select uniquely the labor-

value pricing as the center of gravity.16

A final remark is given for what was wrong in Marx’s (1894, 1981; Chapter

10) own arguments, from the viewpoint of main theorems in this section. Marx

(1894, 1981; Chapter 10) presumed that even under the unequal private owner-

ship of capital goods between workers I and II, they supply the same living labor

time so that purchase and consume the same consumption bundle, where their

individual return rates (profit rates) differ. His argument is insufficient in that

it lacks the analysis of the social division of labor between the two producers

which could generate through market competition.

In contrast, our analysis in this section shows that even if the two producers

purchase and consume the same consumption bundle, the social division of labor

between them emerges through market competition as Theorem 2 shows, and

then it leads them to the inequality of the supply of the living labor time, due to

the unequal initial endowments of capital goods, as Theorem 3 shows. In such

a situation, profit rates are equalized among all processes under the imperfect

specialization RS, as Theorem 1 shows. A possibility of these three features has

been ignored by Marx (1894, 1981).

5 Conclusions

In this paper, we have reviewed LTV as the basis for the analysis of economic

inequality in the capitalist economy. According to the standard Marxian view,

the system of labor values of individual commodities can serve as the center of

gravity for long-term price fluctuations in the precapitalist economy with simple

commodity-production, where no UE-exploitative social relation emerges, while

16This criticism is particularly relevant if it is applied in the context of non-equilibrium

price dynamics with no intertemporal structure. In contrast, if the issue of the center of

gravity is considered in an intertemporal economy, it is Kaneko and Yoshihara (2019), among

other works like Duménil and Levy (1985), Dana et. al (1989), and Veneziani (2007, 2013),

which would provide us with the most relevant insights. In that paper where the intertemporal

precapitalist economy with no labor nor credit market is considered, the path of intertemporal

equilibrium labor allocations among nations converges to the egalitarian one, and so the UE-

exploitation would tend to disappear in the infinite limit. However, it does not necessarily

imply that equilibrium prices converge to the labor-value pricing. The egalitarian convergence

of labor allocations takes place either because of the convergence of the prices to the labor

values or because of the convergence of the wealth distributions to the egalitarian distribution.
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in the modern capitalist economy, the labor value system is replaced by the

prices of production associated with an equal positive rate of profits as the

center of gravity, in which UE-exploitative relation between the capitalist and

the working classes is a generic and persistent feature of economic inequality.

Some of the literature such as Morishima (1973, 1974) criticized this view by

showing that the labor values of individual commodities are no longer well-

defined if the capitalist economy has joint production.

Given these arguments, this paper firstly shows that the system of individual

labor values can be still well-defined in the capitalist economy with joint pro-

duction whenever the set of available production techniques is all-productive.

Under such a restricted class of joint production economies, the standard for-

mal definition of individual labor values can be deemed appropriate, since the

market exchanges of commodities in accordance with the labor-value pricing

can allocate the total quantity of the living labor time in order to meet social

demands for each and every commodity. With the same criterion, the paper

also shows that an alternative LTV initiated by TSSI cannot be verified.

Secondly, this paper shows that it is generally impossible to verify that the

labor-value pricing serves as the center of gravity for price fluctuations in pre-

capitalist economies characterized by the full development of simple commodity-

production. Though the labor-value pricing is just one candidate for the role

of center of gravity, there are infinitely many other candidates, and no proper

mechanism to uniquely select the labor-value pricing can be found within the

simple commodity production economy.
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